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1. INTRODUCTION
Consider a discrete dynamical system depending on a parameter
x  f x ,  , xm , ,Ž .n1 n
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where m 1 and the map f is smooth with respect to both x and . The
behaviour of orbits near a hyperbolic fixed point, and the convergent or
divergent properties along the stable or unstable manifold, are known to
Ž .be exponential. At a critical fixed point  ,  , where the Jacobian matrix
Ž .D f  ,  has an eigenvalue of the central type, i.e., its norm is 1,x
bifurcations of fixed points may occur under small perturbation. On the
other hand, there are also many bifurcation phenomena of connecting
orbits related to a critical fixed point, e.g., saddle-node homoclinic or
heteroclinic orbit, which plays an important role in global bifurcation
analysis, especially for the analysis of appearance of chaos. All of these
motivate us to study the exact behaviour of convergence of the orbit along
the center manifold of the critical point, which is the main objective of this
work. Instead of the exponential behaviour near a hyperbolic fixed point,
we will prove the polynomial rate of decay for orbits on the center
manifold.
The solutions of the associated variational equation are the basic tools
for detailed analysis near the orbit. They show exponential dichotomies on
 a hyperbolic set; see 12 . In the case of the saddle-node homoclinic orbit,
there is a nontrivial solution which has the rate of 1n as n	 or
  for some  1. For flows this has been used by Schecter 14 with
 2 to analyze numerical methods for a saddle-node homoclinic bifurca-
tion point. In this work, we will derive a general analysis for the discrete
variational equation along an orbit which converges to a critical point.
In Section 2, we study the rate of convergence for a general map with a
simple eigenvalue 1. This case occurs for simple bifurcations, such as fold
 bifurcation, pitchfork bifurcation, and cusp bifurcation; see 11 . In appli-
Žcations, many phenomena, e.g., the flip bifurcation point with a simple
. Žeigenvalue 	1 and the NeimarkSacker bifurcation point with a pair of
.purely imaginary eigenvalues can be reduced to this case, by looking at
the map f 2 and using polar coordinates, respectively. The solutions of the
variational equations are also of importance for further global analysis
near the orbit. The polynomial rate is derived for both the orbit and the
solutions of the variational equation.
Many bifurcation properties on the saddle-node homoclinic orbits have
 been summarized in 1, 9 . In Section 3, we study the exact behaviour of
the discrete transversal saddle-node homoclinic orbit. As an application of
the results in Section 2, the rate of convergence of the homoclinic orbit
along the center manifold and of the solutions of the associated variational
equation is shown to be of polynomial type. Together with the exponential
estimates along stable and unstable directions, this provides us with
appropriate techniques for analyzing numerical approximations of saddle-
node homoclinic orbits.
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2. BASIC ESTIMATES AND A MODEL FUNCTION
In this section, we will introduce the basic lemma which is used to
estimate the rate of convergence of a map along the one-dimensional
center manifold in Section 3.
LEMMA 2.1. For any  0 and integer k 1, define
x
g x ,   .Ž . 1kk1  xŽ .
Then
g 0,   0, g 0,   1, g Ž i. 0,   0, i 2, . . . , k ,Ž . Ž . Ž .x x
g Žk1. 0,  	 k 1 k	 1 ! ,Ž . Ž . Ž .x
and for any 0 x 
 1 1 k, the sequence generated by1
x  g x ,  , n, 2.1Ž . Ž .n1 n
conerges to 0 as n. Furthermore,
lim  1 k n1 k x  1.n
n
Proof. The values and derivatives of the function g at x 0 with
Ž 1 k .respect to x follow from direct computation. Let x  1  with1
 1. By induction we can prove that the sequence with initial value x1
Ž . Ž 1 kŽ k .1 k .created by 2.1 exactly is x  1  n	 1  , which gives usn
the desired rate of convergence.
Ž . k2Let f x be a C smooth function satisfying
f 0  0, f  0  1, f Ž i. 0  0, i 2, . . . , k , f Žk1. 0  0,Ž . Ž . Ž . Ž .
2.2Ž .
which indicates that the function f has the form
f x  x	 	 x k1 O x k2 , 2.3Ž . Ž . Ž .
where 	 0.
Mostly, in bifurcation analysis, the map restricted to its one-dimensional
Ž .center manifold usually has the form of 2.3 . It is of interest for us to
understand the behaviour of the f-orbit and solutions of the associated
variational equation near a critical fixed point. We start to show the
convergent rate of orbits generated by f.
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LEMMA 2.2. There exists an x 0 small, such that for any 0 x  x,1
the orbit defined by
x  f x , n 2.4Ž . Ž .n1 n
satisfies
1k 1 klim 	k n x  1. 2.5Ž . Ž .n
n
Ž . Ž . Ž .Proof. Define h x,   f x 	 g x,  . We get
hŽ i. 0,   0, i 0, . . . , k ,Ž .x
hŽk1. 0,  	 k 1 !	 k 1 k	 1 ! .Ž . Ž . Ž . Ž .x
Žk1.Ž .For  k	 it follows h 0,   0 and for any 
 0 we havex
Žk1. Žk1.h 0,  
  0, h 0, 	 
  0.Ž . Ž .x x
Let 
  0 fixed. Thus there exists an x 0, such that for 0 x x0
Žk1. Žk1.h x ,  
  0, h x , 	 
  0.Ž . Ž .x 0 x 0
Ž i.Ž .Noticing h 0,   0 for i 0, 1, . . . , k, by induction from k to 0, wex
find for 0 x x, x can be reduced if necessary,
h x ,  
  0, h x , 	 
  0,Ž . Ž .0 0
which implies
g x ,  
  f x  g x , 	 
 . 2.6Ž . Ž .Ž . Ž .0 0
	 For any fixed 0 x  x, let x  x  x , define for n the˜ ˜1 1 1 1
sequences
	 	  x  g x ,  
 , x  f x , x  g x , 	 
 .Ž .˜ ˜Ž . Ž .n1 n 0 n1 n n1 n 0
Ž . 	  	 Relation 2.6 implies x  x  x . Assume x  x  x for n 2.˜ ˜2 2 2 n n n
Due to the strictly monotone increasing properties of f near x 0, we get
	 	 	x  g x ,  
  f x  f x  xŽ . Ž .˜ ˜Ž .n1 n 0 n n n1
   f x  g x , 	 
  x .Ž . Ž .n n 0 n1
By induction, we obtain x	 x  x for all n, and from Lemma 2.1˜n n n
we know
1
1 k lim n x  .n 1kn  
Ž .0
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Ž . Ž .Thus there exists an N 
 such that for all nN 
0 0
1 1
1 ka  n x  	 
 ,  
 ,˜n n 0 01k 1k
 
 	 
Ž . Ž .0 0
which means that the sequence a is bounded, hence lim sup a andn n n
1 klim inf a exist. Next, we want to prove that lim a  1 .n n n n
1 kFor contradiction we make the assumption lim sup a  1  cn n
with c 0. Then we choose 
  
 such that1 0
1 1 1
 
   c11k 1 k 2	 
Ž .1
holds. Similarly, we find an x* such that
n n ng x ,  
  f x  g x , 	 
Ž .Ž . Ž .1 1
for all 0 x x* and all n. Because x converges to 0 there exists an˜n
l 0 such that x  x* for all n l. Defining y  x for n, we˜ ˜ ˜n n nl
get
lim sup n1 k x  lim sup n1 k y .˜ ˜n n
n n
	  	 Ž .Set y  y  y  0, x* . Similarly y 
 y 
 y holds for all n˜ ˜1 1 1 n n n
Ž .and there exists an N 
 such that the following holds:1
1 1
1 kn y  	 
 ,  
 , nN 
 .Ž .n˜ 1 1 11k 1k
 
 	 
Ž . Ž .1 1
1 k 1 k 1 k Ž . Ž . But 1  c 1  
 	 
 , 1 	 
  
 , which is a1 1 1 1
1 kcontradiction, hence lim sup a 
 1 . The same argumentationn n
1 kshows lim inf a  1 .n n
1 k 1 kThus we proved lim  n x  1.n n
Ž . k1 Ž k2 .Remark 2.3. In the general case of f x  x	 	 x O x with
	 0 and for any initial value x close to 0, whether the sequence0
Ž .x  f x converges to 0 or not, depends on the value of k, the sign ofn1 n
	 and x , and the limit process being either n	 or n. For0
example, if k 2, 	 0, and x  0, x converges to 0 only if n	.0 n
In any case, if an orbit x converges to 0, the corresponding rate ofn
Ž .convergence must be 2.5 with 	 and x replaced by their absoluten
values, respectively.
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The former lemma interprets the rate of convergence of the orbits
Ž .created by the map 2.4 . Next, we study the rate of the solution of the
associated variational equation along these orbits.
1LEMMA 2.4. For any 0 x  x, u , and 0  the solutions1 1 k
Ž .u of the ariational equationn n
u  f  x uŽ .n1 n n
satisfy
11 	klim n u  0,n
n
Ž .where x  f x .n1 n
Proof. Without losing generality and to simplify the notations of the
Ž .proof, we assume 	 1 in 2.3 and u  0. Then u  0 for all n.1 n
Ž . k1We also assume that the function f has the form f x  x	 x . We get
n
k ku  f  x u  1	 k 1 x u  1	 k 1 x u .Ž . Ž . Ž .Ž . Ž .Łn1 n n n n i 1
i1
1For any given 0  , let     ,  ,   0. Take 
  0 such1 2 1 2 0k
that
1 1k k
 1.
1 1k	  k 
1 0
Ž 11 k	 .By showing b  log n u goes to 	 as n , we cann n1
finish the proof of this lemma,
1
b  1 	  log n  log uŽ .n n1ž /k
n1
k 1 	  log n  log 1	 k 1 x  log uŽ . Ž . Ž .Ž .Ý i 1ž /k i1
	 log n M   log u ,Ž . Ž .2 n n 1
where
n n
k k  k 1 x  log 1	 k 1 x ,Ž . Ž .Ž .Ý Ýn i i
i1 i1
n1 1
kM  1 	  log n 	 1 kx .Ž . Ýn 1 iž / ž /k k i1
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We will show that M is bounded from above and  converges as n .n n
	 i 	Ž .For 0 x 
 x let x  g x ,  
 . Then we get x  x and1 i 1 0 i i
n1 1 1k k	M 
 1 	  log n 	 k xŽ . Ž .Ýn 1 iž /k 1 1k	 1 i1
n1 1 1k k 1
 1 	  log n 	 Ž . Ý1 kž /k 1 1k	  k 
 i	 1 1 0 i1
n1 1

 1 	  log n 	Ž . Ý1 kž /k i	 1 i1

 C*,
1nŽ .  since log n 	Ý converges; see 13 .i1 i
Next we show the convergence of  :n
n
k k  log 1	 k 1 x  k 1 x .Ž . Ž .Ž .Ýn i i
i1
We see that x k 0 as i . Using the L’Hospital principle twice we geti
log 1	 k 1 x  k 1 x 1Ž . Ž .Ž . 2lim 	 k 1 .Ž .2 2xx0, x0
Therefore
log 1	 k 1 x k  k 1 x k 1Ž . Ž .Ž .i i 2lim 	 k 1 .Ž .2k 2i xŽ .i
Ž k .2 2 2  Ž k .2From Lemma 2.2 we know lim x i  1k , hence Ý x abso-i i i1 i
n k k Ž Ž . . Ž . lutely converges. Thus Ý log 1	 k 1 x  k 1 x converges.i1 i i
Ž .  Remark 2.5. 1 A similar result for ODEs is given by Schecter 14 .
Ž . 2 Ž 3.He considered an equation of the form x f x  x O x , and he˙
Ž . Ž . Ž Ž .. Ž .proved if y t is a solution of its variational equation y t  f  x t y t ,˙
2 Ž .then lim t y t  constant.t
Ž .2 For further analysis of the discrete saddle-node homoclinic orbit,
we need that the series Ý u converges absolutely. This of course is truen1 n
due to Lemma 2.4.
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3. ASYMPTOTIC ESTIMATES FOR SADDLE-NODE
HOMOCLINIC ORBITS
In this section, we apply the results prepared in the previous section to
the discrete dynamical systems
x  f x ,  3.1Ž . Ž .n1 n
and study the rate of convergence of its saddle-node homoclinic orbit
along the one-dimensional center manifold. Furthermore, we investigate
the behaviour of solutions of the associated variational equation along this
orbit. First, we start to introduce our basic assumptions.
Ž . m mH1 f :   is smooth enough.
Ž . Ž . Ž .H2  ,  is a saddle-node fixed point of the system 3.1 .
Ž .Let AD f  ,  be the Jacobian Matrix which has m stable and mx s u
unstable eigenvalues besides the simple eigenvalue 1. Denote by X i
Ž .i s, u, c the corresponding eigenspaces of dimension m , m , and 1,s u
i Ž . m srespectively. The spaces X i s, u, c are equivalent to the spaces  ,
m u, and , respectively, and without loss of generality, we identify them.
Let A be the restrictions of A to X s and X u. Obviously, the restriction
of A to X c is 1. Then the spectra of A lay inside and outside the unit
circle on complex plane, respectively. Assume the matrix A has left and
right unit eigenvectors corresponding to eigenvalue 1, which are denoted
by e and e , respectively.l r
T TŽ . Ž .Ž .H3 e e  1, e D f  ,  e , e  0.l r l x x r r
Ž . Ž .Due to H1  H3 , two families of hyperbolic fixed points bifurcate from
Ž .the saddle-node point  ,  . Without loss of generality, we assume they
exist for   and there is no fixed point for  . For simplicity, let
Ž . Ž . ,   0, 0 .
Ž .Let  j 1, . . . , m	 1 be the eigenvalues of A besides the simplej
eigenvalue 1. We require the following nonresonance condition.
Ž . 	 	 	 	 1 	 	 m	 1 m	1 	 	H4      , for all j and any   ,   2.j 1 m	1 
Ž . Ž .H5 At  0, the mapping f , 0 permits a transversal saddle-node
homoclinic orbit x , which is the intersection of the stable manifold andn
Ž .the unique part of the center manifold see Fig. 3.1 .
For further analysis, we will rectify the local stable, unstable, and center
manifolds to the corresponding axes simultaneously. It is here that the
Ž .nonresonance condition H4 is used. The corresponding results can be
   found in 8, 9 for maps, and in 3, 6, 9, 14, 15 for flows. Here we show the
 results that are presented in 9 .
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FIG. 3.1. The transversal saddle-node homoclinic orbit.
  Ž . Ž .LEMMA 3.1 9, Theorem 4.1, p. 268 . Assume H1  H4 . Then there
exists a neighborhood of the origin and a C 3 change of coordinates :
mm s m u  such that in the new coordinates and in that neigh-
borhood the system has the form
 	 c˜s  A w ,  s , u  A w ,  u , w  f w ,  , 3.2Ž . Ž . Ž . Ž .n1 n n n1 n n n1 n
m s m u   c˜Ž . Ž . Ž .where s  , u  , w  n  , A 0, 0  A , f w,   n n n
Ž . 2 Ž . 3 w p w,  w , and p w,  is C smooth.
Ž . Ž .Assumption H3 implies p 0, 0  0. Applying Lemma 2.2 and Remark
c˜Ž .2.3 in the case of k 1 to the iteration w  f w , 0 with w  0, wen1 n 1
Ž .obtain nw  1p 0, 0 as n	.n
Ž .As n	, the tail of the homoclinic orbit x has the form 0, 0, wn n
and the associated variational equation reads
A w , 0Ž .S Snn1 n
	A w , 0Ž .U U .nn1 n 0  0 0cW W˜D f w , 0n1 nŽ .w n
 Due to the roughness lemma in 5, 12 , we know that the solutions of the
Ž . Ž .form S , 0, 0 leave from 0 and of the form 0, U , 0 tend to 0 exponen-n n
tially as n	, respectively. More precisely, there exist two constants  ,
K 0 such that for 	 n
 l
 0

 
 	 Ž l	n. 
 
 
 
 	 Ž l	n. 
 
S 
 Ke S , U 
 Ke U .l n n l
HULS AND ZOU¨124
Ž .Due to Lemma 2.3, any solution of the form 0, 0, W satisfies for anyn
given 0  1
lim n2	W  0.n
n	
Ž .Transforming the variables s, u, w back to the original variable x, we
Ž .get the following results for the map f , 0 .
Ž . Ž .THEOREM 3.2. Assume H1  H5 . Then the homoclinic orbit x of then
Ž .map f , 0 satisfies
lim nx  constant.n
n	
Furthermore, for any gien 0  1, the ariational equation along this
homoclinic orbit
mX D f x , 0 X , X  , n
 0Ž .n1 x n n n
s, j Ž . u, j Žpossesses m linearly independent solutions X j 1, . . . , m , X jJ s J
. c 	1, . . . , m and X with J  , which satisfyu J

 s , j 
 	 Ž l	n. 
 s , j 
X 
 Ke X , j 1, . . . , m ,l n s

 u , j 
 	 Ž l	n. 
 u , j 
X 
 Ke X , j 1, . . . , mn l u
for some  , K 0 and 	 n
 l
 0, and
2	 
 c 
lim n X  0.n
n	
Next, we consider the behaviour of solutions of the variational equation
as n. Meanwhile, the tail of the homoclinic orbit has the form
Ž .s , 0, 0 .n
Ž . Ž .THEOREM 3.3. Assume H1  H5 . As n, the saddle-node homo-
clinic orbit x conerges to the fixed point 0 exponentially fast. Furthermore,n
the ariational equation
mZ D f x , 0 Z , Z  , n 0Ž .n1 x n n n
s, j Ž . u, j Žpossesses m linearly independent solutions Z j 1, . . . , m , Z jJ s J
. c 1, . . . , m , and Z with J  , which satisfyu J

 s , j 
 	 Žn	l . 
 s , j 
Z 
 Ke Z , j 1, . . . , m ,n l s

 u , j 
 	 Žn	l . 
 u , j 
Z 
 Ke Z , j 1, . . . , ml n u
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for some  , K 0 and 0 l
 n
, and there exists a nonzero constant
c* such that
lim Zc  c*e with exponential rate.n r
n
Proof. As n, the homoclinic orbit x is on the stable manifold.n
Then the exponential rate follows. From Lemma 3.1 we know that the
corresponding variational equation along the saddle-node homoclinic orbit
Ž .s , 0, 0 is of the formn
 S SA 0, 0 0 D A 0, 0 sŽ . Ž .n1 nw n
	U U , 3.3Ž .0 A 0, 0 0n1 nŽ . 0 0  0W W0 0 1n1 n
Ž .as n. Rewrite 3.3 as
T TS , U , W  C  B S , U , W , 3.4Ž . Ž . Ž . Ž .n1 n1 n1 n n n n n
where
0 0 D A 0, 0 sŽ .w n
 	C Diag A , A , 1 , B  .Ž .n n 0 0 0 00 0 0
Consider the equation
T T     S , U , W  C S , U , W . 3.5Ž . Ž . Ž .n1 n1 n1 n n n n
It follows immediately that the W -component of its solution satisfies
lim W  c, 3.6Ž .n
n
Ž .where c is a constant and the S, U -components have the properties of
exponential dichotomies.
	 	Obviously, the matrix B satisfies lim B  0 with exponentialn n n
rate.
Ž Similar to the roughness lemma for continuous time systems see 2; 4,
.pp. 104, 106; 5; 7, p. 305; 14 , we can prove that by adding the exponen-
Ž .tially small perturbation of B to the system 3.5 , the similar asymptoticn
Ž .behaviour, i.e., the property of 3.6 and the exponential dichotomies, will
Ž .be preserved by solutions of the perturbed system 3.4 as n.
Ž .Transforming the variable s, u, w back to x leads to the estimates in the
theorem.
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